We present the exact solution of a family of two-spins models. The models are solved by the algebraic Bethe ansatz method using the gl(2)-invariant R-matrix and a multi-spins Lax operator. The interactions are by the Heisenberg spins exchange. We are also considering magnetic B-fields and a term for Haldane single spin anisotropy.
Introduction
The algebraic formulation of the Bethe ansatz method, and the associated quantum inverse scattering method (QISM), was primarily developed in [1] [2] [3] [4] [5] and it has been used to study a considerable number of exactly solvable systems, such as, one-dimensional spin chains, quantum field theory of one-dimensional interacting bosons [6] and fermions [7] , two-dimensional lattice models [8] , systems of strongly correlated electrons [9, 10] , conformal field theory [11] , integrable systems in high energy physics [12] [13] [14] [15] [16] [17] and quantum algebras [18] [19] [20] [21] . More recently solvable models have also shown up in relation to string theories [22] [23] [24] . Remarkably it is important to mention that exactly solvable models are recently finding their way into the lab, mainly in the context of ultracold atoms [25] [26] [27] [28] [29] [30] [31] but also in nuclear magnetic resonance (NMR) experiments [32, 33] becoming its study as well as the derivation of new models an even more fascinating field. We are considering in this work a multi-spins Lax operator that like the multi-bosons Lax operator in [34] permits to solve a family of models, helping to increase the number of integrable models solved by the algebraic Bethe ansatz method. These spins cluster integrable models are important as for example in quantum computation and quantum information, quantum simulation using nuclear magnetic resonance (NMR) [35] [36] [37] or trapped ions [38] as well as in molecular magnetism [39] . Recently, spins configurations like these were proposed in [38] to a universal digital quantum simulation with trapped ions and an experimental realization of the Yang-Baxter equation was realized via NMR interferometry [32] using Iodotrifluoroethylene (C 2 F 3 I) molecules. Another important application of this spins configurations is as a spin network that appears in quantum gravity [40, 41] .
The paper is organized as follows. In section 2, I will describe briefly the algebraic Bethe ansatz method and present the multi-spins Lax operators. In section 3, I present a generalized two-spins model. In section 4, I present the exact solution. In section 5, I summarize the results.
Algebraic Bethe ansatz method
In this section we will shortly describe the algebraic Bethe ansatz method and present the Lax operators used to get the solution of the models [42, 43] . We begin with the gl(2)-invariant
with b(u) = u/(u + η), c(u) = η/(u + η) and b(u) + c(u) = 1. Above, η is an arbitrary parameter, to be chosen later.
It is easy to check that R(u) satisfies the Yang-Baxter equation
where R jk (u) denotes the matrix acting non-trivially on the j-th and the k-th spaces and as the identity on the remaining space.
Next we define the monodromy matrixT (u),
such that the Yang-Baxter algebra is satisfied
In what follows we will choose a realization for the monodromy matrix π(T (u)) =L(u) to obtain the solutions of a family of two-spins models. In this construction, the Lax operatorŝ L(u) have to satisfy the relation
Then, defining the transfer matrix, as usual, througĥ Consequently, the models derived from this transfer matrix will be integrable. Another consequence is that the coefficientsĈ k in the transfer matrixt(u),
are conserved quantities or simply c-numbers, with
If the transfer matrixt(u) is a polynomial function in u, with k ≥ 0, it is easy to see that,
For the standard SU(2) spin operators satisfying the commutation relations
with p, q = a or b, j = 1, . . . , n and k = 1, . . . , m, we have the following Lax operators,
with the condition α aj β aj = γ a ρ a and α bk β bk = γ b ρ b , ∀ j, k. The above Lax operators satisfies the equation (2.5).
Generalized two-spins model
In this section I present the generalized two-spins model with two different spins: a and b.
The Hamiltonian is, with ε rst the completely antisymmetric Levi-Civita tensor, p, q = a, b the two spins labels, r, s, t = x, y, z the spin components and j = 1 . . . n, k = 1 . . . m. Using the rising and the lowing operatorsŜ ± we get the commutation relations in (2.11) e (2.12)
The total spin isˆ We can represent the spins configurations of the Hamiltonian (3.15) as a complete graph K s (or universal graph) [44] , where s = n + m is the number of vertices (spins). In Fig. (1) we show the K 8 graph for the 8-spins interaction. The number of edges (interactions) is
This complete graph looks like a spin network in quantum gravity [40, 41] but this full coupling network will in practice always be limited in size, as physical interactions tend to decrease with the distance. The complete graphs are also the complete s-partite graph K s×1 .
If In Fig. (2) we show some of the spin configurations. These small spin configurations can be considered as interaction of the nuclear spin of the atoms in a molecule, as in nuclear magnetic resonance, can be considered as plaquettes of a spin ladders or can be considered as a cell of a 3D lattice. 
Exact solution
Now we use the co-multiplication property of the Lax operators to writê
Following the monodromy matrix (2.3) we can write the operators, where
From (2.10) we identify the conserved quantities of the transfer matrix (4.28), 
We can rewrite the Hamiltonian (3.15) using these conserved quantities,
with the following identification for the parameters
36)
In the Eqs. (4.38) and (4.39) we consider i = j and k = l. Using the Eq. (4.41) and the condition α aj β aj = α bk β bk (γ a ρ a = γ b ρ b ) we get the following relation for the parameters σ ab and ∆ ab , 43) where the prime symbol ( ′ ) stand for derivatives oft(u).
We use as pseudo-vacuum the product state,
with | ↑ z aj denoting the vacuum state for the spins aj and | ↑ z bk denoting the vacuum state for the spins bk, for j = 1, . . . , n and k = 1 . . . , m. For this pseudo-vacuum we can apply the algebraic Bethe ansatz method in order to find the Bethe ansatz equations (BAEs), 
where the {v i } are solutions of the BAEs (4.45).
Summary
We have solved a generalized two-spins model by the algebraic Bethe ansatz method using the gl(2)-invariant R-matrix and a multi-spins Lax operator. In this generalized two-spins model we are considering two spins: a and b. Each spin interacts with all the others spins. The interactions are by the Heisenberg spins exchange. We are also considering a B-field in the z-direction and a term for Haldane single spin anisotropy. We can represent all spins interaction as a complete graph K s , where s is the total number of spins a plus the total number of spins b and we use this graph to calculate the number of interactions. We can take out the interaction between the spins a, the interaction between the spins b and the single spin anisotropy simultaneously to get a complete bipartite graph K n,m . We also can turn off the externals B-fields.
